
 

MATH 2050C Lecture 3 Jan 18

Midterm confirmed Mar 3 8 30 10 00am in class

Goal IR is a completeordeired field
today

Def Absolute value Let a c IR

lat f f II aa
Note I also u ao.ir

a if a co

prop a lab I I al Ibl
b l al a

c Let c o Then I al E C 2 7 C E a E C

d I al E a E la 1

Proof a We exhaust all possible cases from Trichotomy O2

Either a ov b is 0

Then Ab 0 lab I o

Also if a o then lat o lal lb I 0

Same for b o So I able lallbl o

Case 2 A o and b s 0

Then by Prop last time ab s o lab I ab
11Same

Also a o lat a
lal Ibl a C b ab

n
b co Ibl b

EzCheckthis

Case 3 as 0 and b 0

Sameas
A 4 Aso and b e o

Ex

Case Case 5 Aso and b o



b Take b a in Ca

a _la't abt lal Ibl lal.la lal2
F a'z o ta E R

c Exhaust all cases of a bigtrichotomy Ex

d Follows from c by taking C lat 30
D

Some Useful Inequalities

111 AM GM inequality AbmEtz atb ta b 30
Zo

2 Triangle inequality I atb.IE al lblU aobC lR

3 Bernoulli's inequality It x 3 It n X H X 1 then
o

Proof 1 Let a b 30 then far To exist Assume this

By precious lemma

o e Cra Sb cars 2 rats Crb
Naef Keefe
a 2h55 b

Rearranginggives the desired inequality

2 By Cd above we have

lat EA E al lait lb1 e atb Elattlbl
Ibl E b E lbl ca

latbl E lait Ibl

3 Induction on h

h 1 Tunnel since It x It x It h X When n 1

Assume n k is true then for h R 11

It x tx HX k

X 1 V w n_k
o



na k is true3 it x It k x
and x 1

It Ck 11 x k X

3 It Ck 11 x e k o X 30

By M I we are done

Remark Let a b 30 Then

a E b a E b I e B

PIP ReversedTriangle Img

tal Ibl E la b l ta bC IR

Pt Tutorial

Def't Thin Completeness Property of B

Every lot S E B that has an upper bound

must have a supremum in B
er

We first make sense of the S

Defa Let 0 1 S E IR

a S is bounded above if 7 U E B St S E U V SE S

Any such U E 1B is called an upper bound of S

b S is bounded below if 7 WE IR St S 3 W V SE S

Any such WE 113 is called a lowerbound of S

c S is bounded if it is both bold above AND below



Otherwise S is unbounded

Example S f X E IR f x s 2

Note There are many upperbds e.g 2 3 5 100 Too etc

S is bold above

BUT S is NII bold below Ex prove it

s upper bd

74lowerbd 2 3 5 100
o v
i Jx x x x IR

2

Defa Let 0 1 S E IR

a Suppose S is bold above

Then U EIR is called a supremum or least upperbound

of 5 if the following holds Notation

i U is an upper bd of S f U sups or I a b S

Cii U E V for any upper bd
V of S

b Similarly we can define infimum or greatest lower bound

Notation inf S or g l b S ExWritethisdown

Lemma sup S if exists is unique

Proof Suppose there are two U W E IR which are supremumof 5

Therefore U W satisfy Ci ii in the deft above

By i for W and Cii for U we have

i w is an upperbd
U E W



Similarly by i for u and Cii for w we have

w g u
E e U is an upperbot

Thus U W
D

Prop Let 4 1 S E R Then U sup S iff useful way

cis sea uses You es
ii V E o I s E S sit U E s s

Picture u sups
sis e ym

I JX o S IR
S pT r

S upperbdu E

Proof Suppose u supS

By cis U is an upper bot of S

U z s t s C S which is cis

By Cii U E v for any upper bd V of S 1 1

Fix E 0 but arbitrary

Since U E L U U E cannot be an upper bot

So I s e S sit U E L S

Exercise b

Exa s

1 S Si Sir finite set Assume S e Sz c s Su

supS Sn
si SzS3 Sm Inf S Si
x x x B
p P Ex Prove
infs sups



2 S o I
sup S 1 E S

infs
I
sups inf S O E S
Too B

O I

3 S o 1

sup S 1 S

infs b supS int S o GE S
SR

1


